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Abstract—The complete asymptotic expansions of four homogeneous solutions, and a particular
solution of toroidal shells, based on Novozhilov’s thin shell equations, are given, which are valid
for the stress and deformation of toroidal shells of circular cross section subjected to nonsymmetric
loadings.

NOTATION

wall thickness of shells (constant)

radius of the meridian circle

distance from top of toroid to axis of revolution
ro/Ro

Fourier harmonic index

elastic modulus

Poisson ratio

2 iJ/1201 —v2)y%’m4

RN

B J12(1—v%)

€
8, ¢ tangential and circumferential angles of shell
c 1+psinf
&L & principal coordinates
A, A, Lame’s coefficients
R, R, principal radii of curvature
91> 425 Gn tangential, circumferential and normal loading components
N, Ny, N5, Ny stress resultants, shown in Fig. 1
M,, My, M\,, M,, stress couples, shown in Fig. 1
M M
N N — R_221 =Ny — T]IZ
H (M2 +M,)
Ky, Ky T change in curvature and change in twist
N, N, —igEhk,
N, N, —igEhk,
S S+ieEht
T N, +N,
u, v, w tangential, circumferential and normal displacements, respectively.

Fig. 1. Notation of force resultants and moment resultants in shell coordinates.
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1. INTRODUCTION

The toroidal shell is characterized by the existence of the transition points at § = 0 and .
Therefore, the displacement at this point is discontinuous in the membrane theory and
bending moments always exist. This feature makes it difficult to obtain the asymptotic
solutions.

The toroidal shell problems are generally divided into two cases to be investigated
according to the loadings ; axisymmetric (m = 0) or nonsymmetric (m # 0). In the present
paper, only the latter is discussed.

The case of axisymmetric loadings has been investigated for many years. However,
there are few papers on the case of nonsymmetric loadings. Steele (1959) solved this problem
for the first time in his dissertation at Stanford University. He derived the nonhomogeneous
integro-differential equation of the fourth order and obtained an asymptotic solution for
large values of i = \/12(1 —v3)r3/(R,h) and for m*/(,/12(re/h)) « 1. The latter condition
restricted his solution adaptable for only lower harmonics m =0, 1,2. . ..

In the present investigation, it is identified that the comparison equation is, in fact,
the certain generalization of Airy’s equation. Therefore, the generalized Airy functions,
introduced by Drazin and Reid (1981), are used to obtain successfully the complete asymp-
totic expansions of all four homogeneous solutions and a particular solution. They are
numerically satisfactory, uniformly valid and they satisfy the accuracy of the theory of thin
shells.

As for the case of axisymmetric loading, a novel solution has been found by the author.
The paper will be dispatched separately. The goal of the author is to obtain a unified
solution for the toroidal shells under arbitrary loadings.

The solution of toroidal shells with nonsymmetric loading corresponds to a transition
point problem for differential equations of fourth order. The transition point of higher
order occurs in shell vibrations. Zhang and Zhang (1991) have obtained the complete
uniformly valid solutions.

2. FUNDAMENTAL EQUATIONS

Novozhilov (1951) has given the thin shell equations in the complex form

0A,N, 1 043S 04, . A, oT
+— — Nt = — A4
of, A4, e&, eF TR, e 142
0A, N, 1 043§ 04, . A, oT
— N tiest = — 4,4
08, 4y 05 o5 PR T T
N, N, 1 0 (A, éT o (A, af)}
SAL TR — (2 (5 ) = g 1
R TR A4, {aél (Al aa) 3¢, (Az 55, ) =1 M

For the case of the toroidal shells of circular cross section, as shown in Fig. 2, the parameters
are now

& =0, &=¢; Ai=r, Ay=Re; R =r, R;=Ryo/sinb. )

Furthermore, with the introduction of a new complex variable

~ -~ R aT
U = Ryosin BNl—isLacosf) 3)

o 00’

eqn (1) can be rewritten as
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Fig. 2. Toroidal shells of circular cross section.
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where
0,0) = —— 12 0—qusin0) T |1 22, s
S ,¢)—rOR06 % (g-cos8—q, sin pey a ro (5)

Eliminating U from eqn (4), we obtain
LT *T *T
o 5—;+8#a cos(95—0—+[ ”80 o’ sin 6+ 0% (1 + 14p* —4u sin 6 — 194% sin 0)] 20

oT
+[ #80 6% cos 0(3+ Tusin 0) + uo cos 02+ 4u> — 6y sin 6 — 124% sin 0)]

64 4 34
+ —+2 +4u’ocos 6
K agr T2 i T 360"
Py er
& a(pz
Ko 2 ; in2 2503 T
+1—8—o'[7y+(9u —2)sin@—12usin® 0 —124% sin* 6] T = F(0, ¢) 6)
where
Fo )__iuzroa 76 )__'l’_i 6_2_( 25in 6 ro o 8
Q) = £ s QP #oae sin 060 qna Sin ) +0'Sln06 Z(qna SIn )

)

The loadings and all the variables in eqn (6) can be expanded in Fourier series along the
circular direction of toroidal shells. We let their mth order harmonic components be
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(T" qls qm Nb NZs Mla MZ; u, w)(99 (P) = (T~m5 qlm’ qnm: Nlma NZma Mlms Mst Upy wm)(g) cos m(P
(CIz, S; H, v)(67 (P) = (q2m9 Sm’ Hm’ Um)(e) Sin m(l’ (8)

Inserting eqn (8) in eqns (6) and (7), we obtain the equation

4T T ﬂro 3 dZT
i—a’sinf+o*(1 + 14u* — 2u*m* — 4usin@ — 194 sin%0) ——=
0 7 [ . ( #—2p z fz )} 7

4

dT,
+ [ #80 62 cos 0(3 + Tusin 0) + uo cos (2 + 4u* — 4u>m* — 6 sin @ — 122 sin? 0)}(1—0'"
+ {l!—l:—o o[Tu—pm* + Ou* — p*m* — 2) sin 0 — 12u sin @ — 1242 sin’ 6)
+ [p*m® — p*m? + 2uPm? sin 0 + 2u*m? sin® 0}}7,,, = F.(0) &)

where

2 2
~ e [ i rie o d| ¢ d 5
E. (@)= —i p o{—rﬁa dG( o sin 9) 2o T [smB a0 (qumo? sin 0)] M1 oG qm o

(10)

In terms of T,,, the mth order harmonic components of stress resultants are expressed
as

2

27"'4 d~ _ 2 -
N, = _ialm(d 2’">—Efc 01m(d6> ysin()Re(Tm)+8#;n 1 (F,) + Guntoo

dé ro

2

4T, dT,, m? N
N2m=ialm<d )+#ec0501m<d9 )+0R (Tm)— Im(T,,,)—q,,,,,roa

To 0* To
2 T, 2 dT,
mS,,,=8—‘Z—Im(d )+4——c Blm(d T>+631n0Re< >
ro de? ro de? dé
142 3 01 47,
+l1_(+# ,um—usm)mde
, ~ . eutm? .
+cos 82+ 3usinf) Re (T,,) — . cos81Im (T,,) — 34q,,.roo cosf
d*T, e’ dT,
M, —(l—v)aRe< 02) (1—v)cosGRe<d0)
e2utm? - , .
- (1—v)Re(T,,)—¢e(c —vusin8) Im (T,,)

&2 d:T, dT,
M,, = —;(l—v)aRe( 1 ) (1—v)cosGRe<d0)
2,2

e uim?

To

(1—v) Re (T,,,) +&(usin 0 —vo) Im (T;,,)
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; d*7, d*7,
mHm=—i(1-v)(;2Re( 63) —4— (I—v)acosGRe( 02)

2

dT, d7s,
_57;(1——V)(1+2u2..u2m2_3ﬂzsin2()) Re ( T )+s(l—v)asm01m ( 0 )

€2u2m2

+ (1 —v)cos#Re (T,) +e(1—v)cos 82 +3usin6) Im(T,). (11)

The mth order harmonic components of displacements u,, and w,, are the respective solu-
tions of the equation

d?w,
do?

%o 12¢¢ M M 12
+m = g (Vin=Now) = 5 (Mo =~V M,) (12)

and the equation

dum
da Eh (Nlm szm)wwm' (13)
The displacement »,, is

FoO

2 .
my,, = Eh{ (1+v)Im (ddgf )+(1+v) —cos Im (dd](; )+[l+(1+v)1usm6] Re(T})

eutm? .
~(14V) — Im (7,,) ~ qum(1 + V)16 p— (U, cOS O+ w,sin ).  (14)
0

For the asymptotic solutions of eqn (9) to be valid uniformly in the entire toroid, we
define the transformation by

3 ¢/ sinf \ PP
=[5 L. (i) ] )

and

" m’ sin 6 ~3/4
= n . 1
T (1+ psin 6)2 [(1 + psin 9)2] v (16)

Thus, eqn (9) is transformed to

dy d*y L o dy _ 2
o z( e +L1d~+Lz¢) ( S +L4E-+L5l//)—AG,,+G, an

in which / is a large complex-valued parameter, L,, L,, L3, Ly, Ls, G, and G, are the real-
valued functions of z and are analytic at the transition point z = 0. The nonhomogeneous
term G, vanishes if the loadings have only normal components. The expressions for these
coefficients are in Appendix B. However, it is necessary to indicate that
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L,(0)=3. (18)

Equation (17) is the fundamental equation. The present derivation is a modified version
of the account given by Xia and Zhang (1986).

3. THE FORM OF THE ASYMPTOTIC EXPANSION

We find first the ““local solutions’ which are valid only in the vicinity of the transition
point z = 0. It is evident that they are reduced by letting z — 0 in the solutions which are
valid everywhere in the entire toroid. Therefore, they can help us infer the extensive forms
of the uniformly valid solutions.

In order to find the local solutions we derive the “local equation” which is valid also
only in the vicinity of the transition point by letting

(= -4z (19)
and by using the constants
L =Ly, (0), 5i=L30), l=Ls0), Is=Ls0), g.=G.0), g.=G(0) (20)
instead of the correspondent coefficients L,(z), L,(z) . . . G.(2), in the form
Y=Y =3 AT LY+ ALY — AR = A, @n
where use has been made of eqn (18). Primes indicate differentiation with respect to {. The
terms of order O(A~%?) are omitted, since, they are beyond the accuracy of the theory of

thin shells.

3.1. Expansions of the homogeneous equations
Substituting

VD = 3, GO @2)

into the homogeneous part of eqn (21), equating coefficients of like powers of -2, we
obtain

TDy, =0 (23)
DY, = =Ly, =L s+l (n=12..) (24)

where all coefficients with negative subscripts are defined to be zero. The differential
operator T is of the form

T=D-(D-3, (25)

The fourth order comparison eqn (23) has four homogeneous solutions. As can be
seen in Appendix A, they are

WP = 4G =), ¥ =B, =1, ¥’ =B, 1) =1 (26)

where k = 1, 2.
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The higher approximation can be found by substituting eqn (26) into eqn (24). For
example, substituting ¢ into eqn (24) of #n = 1 and comparing with eqn (A6) of p = —1,
we obtain

VP = LA, (,0). @7

Then, substituting ¥ and ¢{ into eqn (24) of n = 2, noting eqn (AS) and comparing with
eqn (A6) of p = 0 or p = —3, respectively, we obtain

WP = 13400 (G D) B Ape (. —2,0) 28)

where A4, ,({, —2,0) has been used according to eqn (A24), instead of 4, ,({, —2). More-
over, substituting ¢, Y and ¢ into eqn (24) of n = 3, noting eqn (A5) and comparing
with eqn (A6) of p = 1 and eqn (A22) of p = —2, g = 1, respectively, we obtain

YO =184, (02 +Ladi (G —1,1). (29)

Thus, we can obtain y{?, y§ . . . by repeating in the same way. Substituting all of them
into eqn (22) and using eqns (A12) and (A23), we conclude that the formal expansions are
of the form

YO D) =adi (=) + A7 PB4 (L 0)+ A7y 1 (G 1)
+A7{ad € =L, D)+ A7PbA (G0, D)+ A7 e (L D+ ... (30)

where the coefficients a, § . . . are the known constants composed of the coefficients in eqn
(21) and possess expansions for 172, for example

2= a(d) = i a2, B=p(i) = i B3 a1

In a similar way, the formal expansion of the third independent solution to eqn (21),
whose first approximation is § shown in eqn (26), is of the form

YO ) = aB,(, —1)+A7*PBBy((,00+ A~ yB ({1, 1) +A7*%8
+A7*{aB\((, —1,2)+ A7 **bB,({,0,2) + A~ *3cB ({,1,)} + ... (32)
in which the coefficients, except J, are denoted in terms of the same notations as in eqn (30)
because they are equal to each other.
To derive the formal expansion of the fourth independent solution to eqn (21) whose

first approximation is §§” = 1 shown in eqn (26), we begin with the nonhomogeneous
equation of the form

TDY® = —1, (33)
which is obtained by substituting ¥§" = 1 into eqn (24) of n = 1.

It is easily seen, by letting p = 1 in eqn (A8) and noting eqn (A10), that —%BO(C, 2)is
a particular solution of the nonhomogeneous equation TDu = 1. Thus,

Y1 = 35Bo((, 2). (34)

In a similar way, we can find ¢4, ¢V . . . which are expressed in terms of By((, p)
(»=1,2,3...). In addition, we note from eqn (A10) that By({, p) are polynomials in {.
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Then, by noting eqns (19) and (22) we know that the complete expansion of the fourth
solution must be of the form

w(” _ w@)(z’ A= io (1_2)"1/15,4)(2) (3%)

which is a slowly varying function.

3.2. Expansion of a particular solution
We assume a particular solution to eqn (21) having the form

Y*@4) = /1’2/3{ 20 (1’2/3)"1/’2‘(0}- (36)

Substituting eqn (36) into eqn (21) yields a series of equations in the form
TDYs =g, (37)
TD!M‘ = -1 :——l’—lii :224‘14!?::3- (38)

We find from eqns (24), (33) and (35) that the particular solution i * has the same expansion
as Y@ of the form

Yr =Yz d) = i @) (39)

which is also a slowly varying function. This is totally different than the situation in the
case of axisymmetric loadings where the particular solution was described by the Lommel
function which is a rapidly varying function [see Clark (1958)].

As mentioned before, all of these solutions are valid only in the vicinity of the transition
point. However, we may reasonably think that they are aiso uniformly valid in the entire
toroid if the coefficients in them are the unknown functions of z instead of the known
constants. In other words, we will find that such uniformly valid solutions of eqn (17) have
the same expressions as eqns (30), (32), (35) and (39), in which, however, the coefficients
are the unknown functions of z, but the known constants have also the same expansions of
eqn (31).

4. UNIFORMLY VALID EXPANSIONS IN THE ENTIRE TOROID
We only need to determine the coefficients in eqns (30), (32), (35) and (39).
4.1. The first and second homogeneous solutions
Substituting eqn (30) into eqn (17), using eqns (AS), (A21), (A12), (A23) and (A24)
then equating the coefficients of 4, ,({,p,q9) (p = —1,0,1;4=0,1,2...) we obtain the
ordinary differential equations in terms of the unknown coefficients in eqn (30). All of these

unknown coefficients can be written in the form of the asymptotic series as eqn (31).
Substituting them into the equations, we then obtain

22%ay 4+ 3z0g—zL 00 = 0 (40)
2z — (L, —2)Bo = Szay+ 8oy — Lyag— Lyotg+2L50a, 41)

zyo+Liyo+Lype=0 42)
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22%ay,+3zay—zLay = 0. 43)

The solution of these equations yields the complete asymptotic expansions within the
accuracy of the theory of thin shells in the form

YO A = aodir 1 (€ — D)+ A7 Bodis 1 (8, 0)+ A7y dis i D+ A7 a04i 1 (€ — 1 D),

(44)
where
w(2) = ao(z) = z7*%exp {% f ﬁt(i)dr} 45)
1 1 (L, :
Bo(2) = gz“exp {5 L —-?d‘t} j‘o M(z)dr (46)

M(t) = v %2[27—18L (1) + 3L (1)] + 2t **[5L}(t) — 2L,(1)] +4L; (). (47

It is argued that oy(z) and fy(z) are analytic at the transition point z = 0. In addition,
eqn (42) is the homogeneous counterpart of the membrane equation

z2¢"+L,¢'+Lr¢p = G, (48)

which is obtained by putting 4 — oo in the fundamental eqn (17). It can be shown that only
one homogeneous solution of eqn (48), specified by ¢{”(z), is analytic at the transition
point z =0 and the other independent homogeneous solution, specified by ¢$(z), is
singular at z = 0. Moreover, there exists such a particular solution of eqn (48), specified
by ¢$(z), which is analytic at z = 0. We let

vo(2) = ¢17(2). (49)

4.2. The third homogeneous solution
Similarly, substituting eqn (32) into eqn (17) we obtain the complete expansion of the
third homogeneous solution within the accuracy of the theory of thin shells in the form

VO = aoBi (6, =D +A72PBeBi((,0)+ APy Bi((, 1, 1) +174%50(2).  (50)

It is remarkable that the last term in eqn (50) is a slowly varying function. oy, f, and y,
remain to be determined by eqn (45), (46) and (49), respectively. The slowly varying
function §, is a solution of the nonhomogeneous equation

X
where
x(z) = — 60— Lyog—zB5+4Bo—L1fo— Lofo+2z75+ Liye —yo. (52)
Thus,

SAS 31:19-K
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5o = do(z) = j * 37095 (2) — ¢ ()¢5 (1) x(v) i
0 ¢V (@)Y (1) — PP (7)pM () T

(53)

4.3. The fourth homogeneous solution and the particular solution
It is sufficient to take the leading terms in the expansions (35) and (39) in powers of
A~2. Substituting eqns (35) and (39) into eqn (17), we find that the leading terms y& and
6" satisfy the membrane eqn (48) and its homogeneous counterpart, respectively. There-
fore, we let

YO 2 Y = ¢"(2) (54)

and

Y* 2 Yo = ¢i0(2). (55)

All of them are slowly varying functions.

5. THE FINAL RESULTS

A general solution of the fundamental eqn (17) is of the form
(4 = CY O+ CY P + Cp® + Cy + g (56)

where the homogeneous solutions ¥V, ¥/'?, y® and y® and the particular solution y* are
shown in eqns (44), (50), (54) and (55), respectively. Four complex constants C; will be
determined by eight boundary conditions.

With the knowledge of the general solution, the complex variable T}, will follow from
eqn (16). Then the stress resultants and displacements can be determined using eqns (11)-
(14).

6. COMPARISON

Let m = 1 in eqn (8), the loading becomes

¢ = g0 cosp, q,=q,(0)sing, g, = q.(8)coso, N

which is referred to as “wind-type” loading.

Novozhilov (1951) in his monograph has given the asymptotic expressions of the force
and moment resultants and the strains for the general shell of revolution subjected to the
wind-type loading based on the limit that the special circumferences 6 = 0 and 8 = = are
not on the shell..Obviously, his expressions are still valid for a segment of toroidal shell
with positive curvature between and away from 0 = 0 and § = n.

In the other respects, the results in the present paper are adaptable for the toroidal
shell with any nonsymmetric loadings. Their special case of m = 1 and 6 # 0 and 6 # = of
course must coincide with Novozhilov’s results.

Novozhilov’s results are only first approximation. All the small quantities higher than
order O(\/g) ~ O(ﬂ) in them are omitted. With the same accuracy formula (56) becomes

V(D) = 20(@)[Ci42(, — 1)+ Cods (L, — D]+ CedtV (@) +63°(2) (58)

in which, according to eqns (A14)-(A16), 4, and A, are expressed as
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A, —1) % (6, )lie e 7]
A3, =1) = f0,)[—ie" - e~ (59

where

f10,6) = e™ "} (~iprg) '3z (60)

o= /—s—“ﬁrodo 61)
ﬁ 0, N Rooe

and 6, # 0 is the upper boundary circumference.
Substituting eqns (59)—(61) into eqns (58) and (16) yields

. A\ —3/4
T\ = {Lz <ﬂ) f(8,e)a,(2)[Cr e+ C, e(n—ow]}
g

oz

‘o (Sﬂ)/ [Cd (@) +¢P(]  (62)

¢\ 06z

where
él = C1 +C2, C;z = l(Cl “‘Cz). (63)

In the first braces of eqn (62), the coefficient 1/a7(sin 8/az) ~*/*f(8, £)ao(2) has to be seen as
a constant, since only the primary term is retained in the derivative of T, with respect to 0.
It can be absorbed by the arbitrary complex constants C, and C,. Thus, eqn (62) is rewritten
as

T\ =t+T® (64)
in which
t=Ce 020 Gl (65)
and
1 [sin@\~3*
o= (%) 1Co0E+are) (66)

As it can be seen that eqn (65) is the same as Novozhilov’s formula (4.13.24) and that eqn
(66) must satisfy the membrane eqn (9) or the membrane eqn (1) replaced with eqns (2)
and (8) and m = 1. The reason of the latter is because C,¢!” + ¢\ satisfies the membrane
eqn (48) and because of eqn (16).

All the stress resultants and stress couples can be obtained by substituting eqn (64)
into eqn (11). As an example we consider

d? d2f
N, =— B cos1m (d_0)+ {— % tm (d—gz>—ysin8Re D —u sin0Re(T‘°’)+q,,,roa}

To ro
(67

where
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—ECOSOIm d—f = ! ¢sin 0i(C —C C/+CMsi o
ro do) 2V Reo cos 0 {[(C{—CY)cosw—(C{+C)sinw]e

—[(C3=CYcosw+(Cr+Ch)sinw]e“}.  (68)

It can be seen that eqn (68) is identical to Novozhilov’s formula (3.14.9) if cos § is replaced
with cot§. However, both cos 6 and cot @ can be absorbed in the arbitrary constants C;,
1, C; and C7 as mentioned above. Thus, we can see eqn (68) as the same as Novozhilov’s
resultant.
In addition, the second summand of eqn (67) is equal to the membrane stress resultant
N{. The real part of the complex constant C, in N{} [see eqn (66)] can be determined by
giving the boundary membrane stress resultant

42t
NE = NQlyog, = {— % Im (dTD—ysineRe (f)—usinORe(T‘o’)Jrq,,]roa}

Fo

(69)

=0,

As for the determination of the imaginary part of C,, we have to give the boundary shear
stress resultant S*. This is the same as Novozhilov's approach.
Finally, we have

1 sin 6
Ni= —— [0 cosO{[(Ci— CY) cosw— (C + C?) sinw] e

\/5 R()O'

—[(Ci—=CHcosw+(Ci+Chsinw] e} + N (70)

which is identical to Novozhilov’s formulae (3.14.9) or (3.14.22).

Note that there are only four constants C;, C}, C; and C’ to be determined in the
present case instead of eight constants in the other nonsymmetric cases. This is a special
feature of the wind-type loading on which Novozhilov has made a detailed explanation.

7. CONCLUSIONS

(1) The fact that the particular solution y*(z) satisfies the membrane eqn (48) shows
that nonaxisymmetric loadings are equilibrated totally by membrane stress resultants. This
differs completely from the axisymmetric loading situation in which the axisymmetric
surface loadings are equilibrated by both the membrane stress resultants and the bending
moment.

(2) The existence of the third homogeneous solution > shows that bending moments
exist everywhere in the entire shell and their existence is independent from the loadings but
dependent on the boundary conditions. This is completely different from the axisymmetric
loading situation in which the bending moments existing in the entire toroid are induced
by the loadings.
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Wei Zhang was in charge of this work. The author gratefully acknowledges him.

REFERENCES

Clark, R. A. (1958). Asymptotic solutions of toroidal shell problems. Quart. Appl. Math. 16, 47-60.

Drazin, P. D. and Reid, W. H. (1981). Hydrodynamic Stability. Cambridge University Press, Cambridge.

Novozhilov, V. V. (1951). Theory of Elastic Shell. State Press of Naval Architecture (in Russian).

Steele, C. R. (1959). Toroidal shells with nonsymmetric loading. Ph.D. Dissertation, Stanford University.

Xia, Z. H. and Zhang, W. (1986). The general solution for thin-walled curved tubes with arbitrary loadings and
various boundary conditions. Int. J. Press. Ves. Piping 26, 129-144.

Zhang, R. J. and Zhang, W. (1991). Turning point solution for thin shell vibrations. Int. J. Solids Structures
27(10), 1311-1326.



Toroidal shells under nonsymmetric loading 2747

APPENDIX A

Drazin and Reid (1981) have shown that the generalized Airy functions

A, p) = ﬁ f t“’exp(Ct—%tS)dt *k=123:p=0,%£1,+%2..) (AD)
Ik
B.(.p) = j. t"’exp({t—%t’)dt *k=123:p=0,—-1,-2,..) (A2)
lk
and
By(L,p) = ﬁj t~"exp (Ct—%ﬁ)dt @=0,+1.%£2..) (A3)
Iu

are solutions of the differential equation
(D*—{D+p—Du=10 (Ad)
where the contours are shown in Fig. Al. The derivatives of these solutions satisfy the relation
DA, p) = AL, p—n), D"B((.p) = Bl.p—n), D"Byo({,p) = Bo({,p—n). (A3)

It is not difficult from eqn (A4) to arrive at the following relations of identical form

TDAL p+1) = ~(p+2)4:((.p) (A6)
TDB(.p+1) = —(p+2)Bl.p) (A7)
and
TDBy(L.p+ 1D = —(p+D)B((.p) (AB)
where
T=D—(D-3. (A9)

Note from eqn (A3) that B,({, p) = 0, if p < 0; otherwise, it is a polynomial in { of degree p— 1 which, by
the residue theorem, is simply the coefficient of ="' in the expansion of exp ({t —%t’). The first few terms of these
polynomials are

1

1
By({.1) =1 By((.4) = 553— 3

1 1
By((.2) =¢ Bo((.5) =;!C"—§C

1 | t
By((,3) =5C2 By((.6) =§CS—5C2- (A10)

It is seen by putting p = —2 in eqns (A6) and (A7) and p = 0 in eqn (A8), that 4,({, — 1), B({, — 1) and By({, 1)
(k =1, 2, 3) are non-trivial solutions of the homogeneous equation TDu = 0. Moreover, we indicate that
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Fig. Al. The paths of integration in the ¢-plane.
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A, = 1), A5({, —1), B,({,—1) and B,({,1) =1 are a linearly independent set of solutions, because their

Wronskian is a constant and is given by

W(AbAbqu 1)({, - 1) = — i.

(A1)

By using eqn (A6) we can immediately obtain the particular integrals of the inhomogeneous equation

TDu = A, p) for all values of p except p = —2, and have the recursion formula

Al p=3)—{A p—- D+ (- DAL P) = 0.

(A12)

Thus, for other values of p, 4,({,p) can be expressed as a linear combination of 4,({,0) and 4,({, +1) with

polynomial coefficients.
The asymptotic behaviour of 4,((, p) is given by

A8y ~A.(p) ((eT,uTs)
A p) ~id4,.Cp) ((eT,uTy)

_A_(Cp) (eT)
460~ {—m(z,p) (eTy)
and
ACH] [—i =1 =17 [4.GP)
4An | ~| i -1 1| |B@p |CeTupeD)
4] - -1 1) [4wp

where T, are sectors shown in Fig. A2;

| d s
A.¢p) = m(i 1)"5“”’*”“61‘5)::0(i 1)’as(p){~
=1
and

ag(p) = 1

1
a,(p) = —(12p*+24p+5)
2332
@) = 717(144p‘+ 1344p? + 3864p% + 3504p +385) + ...
273

The functions B,({, p) also satisfy eqn (A12) with 4,((, p) replaced by B.({, p), i-e.
B(,p—3—{Bl,p—1)+@-1B(.p =0 @<0).
The other important recursion formula is
B({, —2)—{B{(,0)—1=0.

The asymptotic behaviour of B.({, p} in T, is given by

Fig. A2. The sectors for the Airy functions in the {-plane.
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BLp) ~ (=)' (=p) {13 D=+ ..} (A19)

To obtain the particular integrals of the nonhomogeneous equation TDu = 4,((, —2), we consider the third
generalized Airy functions defined by Drazin and Reid (1981) as follows:

A48, p,q) = 5173 j/ t7? (inf)*exp (Lt —3¢%) dt (A20)

wherek=1,2,3; P=0,+1,2...;¢=0,1,2...; and a branch cut has been placed along the positive real axis
in the ¢-plane so that 0 < pht < 2x. Similarly, the derivatives satisfy the relation

DA, 2,9) = A, p—n.9). (A21)
The function 4,(, p, q) are solutions of the nonhomogeneous equation
DAL Pp+19) = —@+D 4.7, 9 + 94, P, g— 1) (A22)
from which we have the recursion formula
Al p—3,9— (A p—1, 9+ - DAL, p, ¢} = g4, p, g 1). (A23)
It is easily seen that
AL, p, 0}y = 4L, p). (A24)

The asymptotic expansion of 4,({,p, 1) is

AP D) ~ = (= 1Yt B ()Gl mdas) - @l GeTu T (A2

2/n
The corresponding expansions for A,({,p, 1) and 45({, p, 1) then follow from the recursion formula
Ay, p, 1) = €720 B4, ({2, p, 1) +3mid, (L6, p)]

A3(¢,p. 1) = €074, (e, p, 1) —3mid (Le 7>, p)]. (A26)

To deal with the third homogeneous solution we need to use the functions defined by Drazin and Reid (1981)
as follows:

B(.p.q) = 2—1;, Jm £ (In ) exp (1~ 1) dt (A27)
corexpl2(k — 1)mif3)
wherek=1,2,3;p=0, £1, £2...;¢=0,1,2.... We may note that
B((,p.0)=Bo({,p) @=0,11,42..) (A28)
and
Bl,p. ) =Bl.p) (p=0,-1,-2..) (A29)

for all values of k. The functions B,({, p, g) also satisfy eqns (A21)~(A23) with A4,(, p, g) replaced by B, (¢, p,.q).
The asymptotic expansions of B, (&, p, ¢) in the sector T, are

2 (Bn=1)! _

B L)~ ~In{—y+ Y ———=(7* (A30)
n=1_ 3"n
where 7 is the Euler constant.
APPENDIX B
The coefficients in eqn (17) are as follows :
1 1 .
L =— [(¢oz” +2¢52") sin 6+ 3¢z cos 0] (B1)
mla, ¢oz/4

1 1(1 . 1
Ly=—— {— (¢5sin 8+ 3¢, cos 0) + — [u(1 —m?) + (u* — u*m* —2) sin 6 —4pusin® B —2p? sin® 0]} (B2)
mio 2 |0 a’
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11
Ly =— —(1+2p* ~ p'm’ +8yusin 6+ 5* sin’ 6) +
a4

1
L= [<¢oz<‘>+4¢azm+6¢:;z"+4¢3'z')

4
¥4
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1

4

(4¢02,Z”’+3¢Oz”2 + 12¢62’Z”+6¢’62’2

[

ucosf

1
+ = (Poz” + 252" Y (1 + 21> — 2u°m?* + 8 sin O+ 5p* sin? 9):| + (6—4u* +4u>m* + 2usin )
c ladd

”

“)
Ls= A + —2% (14 2p2 = 2%m? + 8y sin 6+ 5’ sin® ) +

¢02/4 O,Z¢oz/4

2

¢popucosd
’4

(6—4u*+4u’m® +2usin 0)
o’ oz

- f‘ " [(6—4u? — pPm®* + 5p*m?) + 2um? sin 8 — (12— 2u* + 2p?m?) sin? 6 — 12usin® 0 — 4y sin* 6]
o'z
and
rom [ za \** u 5 .
G, = — = (51?9) q,,,,,{;fm2 (1 + 5>+ [@r? + D +3p]sin b
o
—Bm? +3)p* +9u2] cos 20—y’ sin 30+ 2p* sin 46
2 4 2
where
sin @\~
¢o = m® (?)
and
d
()= 38 ()

The expression of G, is omitted.

(B3)

(B4)

(B3)

(B6)

(B7)



